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Between space crystals and amorphous materials there exists a third class of aperiodic structures
which lack translational symmetry but reveal long-range order. They are dubbed quasi-crystals and
their formation, similarly as the formation of space crystals, is related to spontaneous breaking of
translational symmetry of underlying Hamiltonians. Here, we investigate spontaneous emergence
of quasi-crystals in periodically driven systems. We consider a quantum many-body system which
is driven by a harmonically oscillating force and show that interactions between particles result in
spontaneous self-reorganization of the motion of a quantum many-body system and in the formation
of a quasi-crystal structure in time.
Quasi-crystals are related to spatial structures which
can not be reproduced by translation of an elementary
cell but reveal long-range order [1–3]. Quasi-crystals are
a subject of research in solid state physics but also in
optics [4–7] and ultra-cold atomic gases [8].
Recently research of crystalline structures has mi-
grated to the time domain [9] (for phase-space crystals
see [10–13]). Indeed, a quantum many-body system can
spontaneously self-organize its motion and start moving
periodically forming a crystalline structure in the time
domain. While the first idea of such time crystals turned
out to be impossible for the realization [14–17] another
type of spontaneous formation of crystalline structures in
time was proposed. These are the so-called discrete time
crystals that are periodically driven quantum many-body
systems which break spontaneously discrete time transla-
tion symmetry of Hamiltonians and start moving with a
period different from the driving period [18–21]. Discrete
time crystals have been already realized in laboratories
[22–26] and they draw considerable attention in the liter-
ature [27–47] (see also [48–53] for classical version of time
crystals). In the field of time crystals, quasi-crystal struc-
tures have been investigated in classical systems [54],
quantum systems [40, 55, 56] and in an experiment on
magnon condensation [57]. In Refs. [58, 59] quasi-crystal
response of systems which are driven quasi-periodically
in time was demonstrated. Quasi-periodic response of
a periodically driven many-body system was analyzed
in Ref. [60] but with no spontaneous time translational
symmetry breaking process involved.
In the present letter we analyze how a quasi-crystal
structure forms due to spontaneous breaking of discrete
time translation symmetry of a many-body time-periodic
Hamiltonian.
One-dimensional (1D) quasi-crystal sequence can be
generated by a cut of a square lattice with the help of a
line whose gradient is an irrational number [61–63]. For
the Fibonacci quasi-crystal the gradient is the golden ra-
tio and the successive cuts of vertical and horizontal lines
FIG. 1: Generation of the one-dimensional Fibonacci quasi-
crystal. The solid black line cuts the square lattice. The
tangent of the angle that the line forms with the vertical axis
is equal to the golden ratio. Consecutive cuts of the line with
the vertical (L) and horizontal (R) lines of the lattice form the
Fibonacci quasi-crystal sequence, LRLLRLRL . . . . Dashed
green and dotted-dashed orange lines correspond to rational
approximation of the golden ratio, 3/2 and 13/8, respectively.
In the case of ultra-cold atoms bouncing between two mirrors
which oscillate with frequency ω (see the schematic plot in
the inset where ~Fg denotes the gravitational force), the green
and orange lines are related to spontaneous formation of finite
fragments of the Fibonacci quasi-crystal in the time domain
with Ωx/Ωy = sy/sx = 3/2 and 13/8, respectively. That is,
bounces of atoms off the left L and right R mirrors form a se-
quence of events that reproduces a fragment of the Fibonacci
quasi-crystal of length sx + sy. Parameters Ωx and Ωy are
frequencies of bouncing of atoms off the left and right mir-
rors, respectively, see text. The axes of the main figure can
be considered as two independent time axes [54], tx,y, related
to periodic motion along the x and y directions.
of the square lattice produce a sequence LRLLRLRL . . .
of two elementary cells which we denote by L and R,
see Fig. 1. The sequence corresponds to a quasi-crystal
structure where there is no translation symmetry but two
elementary cells are not distributed randomly so that the
sequence reveals long-range order [1]. A finite fragment
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2of the Fibonacci quasi-crystal sequence can be obtained
by cutting the square lattice with a line whose gradi-
ent is a rational number that approximates the golden
ratio, see Fig. 1. In the following we show how any fi-
nite fragment of the Fibonacci quasi-crystal structure can
spontaneously emerge in the time evolution of a period-
ically driven many-body system if interactions between
particles are sufficiently strong.
We focus on ultra-cold atoms bouncing between two or-
thogonal harmonically oscillating mirrors in a 2D model.
Such a system can be realized experimentally [64] (for
the stationary mirror experiments see [65–72]). A sin-
gle atom bouncing between the mirrors is described, in
the frame oscillating with the mirrors [87] [73], by the
Hamiltonian [74]
H =
p2x + p
2
y
2
+x+y+λxx cos(ωt+∆φ)+λyy cos(ωt), (1)
where ω is the frequency of the mirrors’ oscillations, ∆φ
the relative phase and λx,y the amplitudes of the oscil-
lations. The mirrors are located at x = 0 and at y = 0
and the gravitational force ~Fg points in the −(x+ y) di-
rection, see inset of Fig. 1. We assume that in the many-
body case, N bosons are bouncing between the mirrors
and interact via Dirac-delta potential g0δ(r) [75]. Such
contact interactions are determined by the s-wave scat-
tering length of atoms which is assumed to be negative
g0 < 0. The system is periodically driven, thus, we may
look for a kind of stationary states which evolve peri-
odically in time. They are eigenstates of the Floquet
Hamiltonian Hˆ(t) = Hˆ − i∂t, where Hˆ is a many-body
version of (9) with the contact interactions between parti-
cles included, see [73]. The corresponding eigenvalues are
called quasi-energies of the system [74, 76]. The discrete
time translation symmetry of the time-periodic Hamil-
tonian, Hˆ(t + 2pi/ω) = Hˆ(t), implies that all Floquet
eigenstates must evolve with the driving period 2pi/ω. In
the following we show that in the limit when the num-
ber of particles N →∞ but g0N =const. [77], there are
subspaces of the Hilbert space of the system where low-
lying quasi-energy eigenstates are fragile because they
form macroscopic superposition. Consequently even an
infinitesimally weak perturbation, e.g. a measurement
of a position of one atom, is sufficient to induce col-
lapse of the many-body state to one of the superimposed
states. It results in breaking of the discrete time transla-
tion symmetry of the Hamiltonian [18]. Interestingly an
evolving symmetry broken state can reveal a sequence
of events (bounces of atoms off the left L and right R
mirrors) which forms a finite fragment of the Fibonacci
quasi-crystal in time.
Let us start with the single-particle problem (9) which
consists of the independent motion along x and y direc-
tions. We are interested in a resonant driving of the sys-
tem, i.e. the frequencies Ωx and Ωy of the unperturbed
particle motion along the x and y directions fulfill sxΩx =
FIG. 2: Density of atoms bouncing between two orthogonal
oscillating mirrors at t = 2pi/3ω. The left (L) mirror is lo-
cated at x = 0 and the right (R) mirror at y = 0 and the
gravitational force ~Fg points in the −(x + y) direction, see
inset of Fig. 1. Left panel is related to the symmetry preserv-
ing state which evolves periodically with the driving period
2pi/ω — the left and right mirrors are visited by atoms al-
ternately: LRLRLR. The presented density consists of sxsy
localized Wannier-like wavepackets (sx = 2, sy = 3). The tra-
jectory the Wannier wavepackets are moving along is drawn
in the panels. Right panel corresponds to a symmetry broken
state where interactions between atoms result in spontaneous
breaking of discrete time translation symmetry of the Hamil-
tonian and emergence of a quasi-crystal structure in time.
Atoms are visiting the left and right mirrors in an order that
matches the sequence LRLLR i.e. a finite fragment of the Fi-
bonacci quasi-cristal is reproduced because the golden ratio
gradient of the line in Fig. 1 is approximated by the ratio-
nal number Ωx/Ωy = sy/sx = 3/2. The parameters of the
system are: λx = 0.094, λy = 0.030, ω = 1.1, ∆φ = 2pi/3,
g0N = 0 (left) and g0N = −0.022 (right). The latter results
in UiiN/J = −81, with J = 4.8 × 10−6, in the Hamiltonian
(23) that describes an effective sx×sy lattice. The results are
obtained within the quantum secular approach [78].
ω and syΩy = ω with integer sx and sy. The description
of a resonantly driven particle can be reduced to an effec-
tive tight-binding Hamiltonian [28, 73, 74, 79, 80]. When
we switch from a single particle to many bosons reso-
nantly driven, the single-particle tight-binding Hamilto-
nian becomes the Bose-Hubbard Hamiltonian,
Hˆeff = −1
2
∑
〈i,j〉
Jij aˆ
†
i aˆj +
1
2
∑
i,j
Uij aˆ
†
i aˆ
†
j aˆjaˆi, (2)
which is the many-body Floquet Hamiltonian written
in a basis of time-periodic functions Wi=(ix,iy)(r, t) =
wix(x, t)wiy (y, t) which are localized wavepackets propa-
gating along the classical resonant orbit with the period
T = sxsy2pi/ω and which play a role of Wannier functions
known in condensed matter physics [81], see Fig. 2. There
are sxsy Wannier functions Wi which are products of lo-
calized wavepackets wix(x, t) and wiy (y, t) moving along
the x and y directions with the periods 2pi/Ωx and 2pi/Ωy,
respectively. In (23), aˆi’s are the standard bosonic anni-
hilation operators, the nearest neighbor tunneling ampli-
tudes Jij = −(2/T )
∫ T
0
dt
∫
d2rW ∗i (r, t)[H − i∂t]Wj(r, t)
and the coefficients of the effective interactions Uij =
3(2/T )
∫ T
0
dt
∫
d2rg0|Wi|2|Wj|2 for i 6= j and similar Uii
but by factor two smaller [28, 40, 73]. In the present Let-
ter we choose the amplitudes of the mirrors’ oscillations,
λx and λy, so that the resulting amplitudes for nearest
neighbor tunnelings along the x and y directions are the
same, J ≡ Jij. Typically, the coefficient for the on-site
interactions Uii is at least an order of magnitude larger
than Uij for long-range interactions (i 6= j).
To conclude this part, the description of the resonantly
driven many-body system is reduced, in the time-periodic
basis Wi(r, t), to the Bose-Hubbard Hamiltonian (23)
[73, 82]. The resonant driving is related to non-linear
classical resonances where a particle cannot absorb un-
limited amount of energy because transfer of the energy
changes a period of motion of the system, a particle goes
out of the resonance and the transfer stops [73].
For negligible interactions between particles the
ground state of Hˆeff is a Bose-Einstein condensate
Ψ0(r1, . . . , rN , t) =
∏N
j=1 ψ(rj , t), i.e. all atoms occupy
a condensate wavefunction ψ(r, t) ∝ ∑iWi(r, t) which
evolves with the driving period 2pi/ω. Indeed, despite
the fact that each Wi evolves with the period T =
sxsy2pi/ω, after each period 2pi/ω, the Wannier wave-
functions Wi exchange their positions so that the con-
densate wavefunction ψ(r, t) propagates with the driv-
ing period, see Fig. 2. When the interactions between
atoms are attractive and sufficiently strong it is energet-
ically favourable to group all atoms in a single localized
wavepacket Wi(r, t) [18]. Then, we expect the ground
state of Hˆeff to be of the form Ψ0 =
∏N
j=1Wi(rj , t) where
i can be arbitrary. However, such a state cannot be a Flo-
quet eigenstate of the system because it evolves with the
period T = sxsy2pi/ω while the discrete time translation
symmetry of the Hamiltonian requires that all Floquet
eigenstates must evolve with the period of the driving
2pi/ω. In order to reconcile the energy and symmetry
requirements, the ground state of Hˆeff takes the form
Ψ0 ∝
∑
i
∏N
j=1Wi(rj , t) which is macroscopic superposi-
tion of Bose-Einstein condensates [83, 84]. However, such
a macroscopic superposition is extremely fragile and it
is sufficient, e.g., to measure position of one atom and
the ground state collapses to one of the Bose-Einstein
condensates which form the macroscopic superposition,
Ψ0 → Ψ ≈
∏N
j=1Wi(rj , t) [84, 85] — which Wi is chosen
depends on a result of the measurement. In the limit
when N → ∞ but UiiN =const., the latter state is ro-
bust and evolves with the period T = sxsy2pi/ω and
thus breaks time translation symmetry of the many-body
Hamiltonian [18]. The described scenario is an exam-
ple of a process of spontaneous breaking of time transla-
tion symmetry in the quantum many-body system. Sim-
ilar spontaneous symmetry breaking phenomenon is not
present in [60] because Floquet states are related to sin-
gle Fock states in the position representation.
In order to describe the system we apply the mean-
field approach [18, 44, 73, 86]. The mean-field ap-
proximation is valid because the ground state of (23)
for negligible interactions and also symmetry broken
states, Ψ ≈ ∏Nj=1Wi(rj , t), in the regime of the quasi-
crystal formation are Bose-Einstein condensates. The
mean-field energy of the system per particle reads E =
−(J/2)∑〈i,j〉 a∗i aj + (N/2)∑ij Uij|ai|2|aj|2 [44, 73] and
we are looking for a condensate wavefunction ψ(r, t) =∑
i aiWi(r, t) which minimizes E [77, 86]. In the left
panel of Fig. 2 we show such a wavefunction ψ(r, t)
obtained for negligible interactions and for Ωx = ω/2
and Ωy = ω/3 (i.e. sx = 2, sy = 3). The wave-
function ψ(r, t) is a uniform superposition of sxsy = 6
localized Wannier wavepackets, it evolves with the pe-
riod 2pi/ω and describes atoms bouncing alternately off
the left (L) and right (R) mirrors. If we plot proba-
bilities for the measurement of atoms close to the left
mirror, ρL(t) =
∫
dy|ψ(x ≈ 0, y, t)|2, and close to the
right mirror, ρR(t) =
∫
dx|ψ(x, y ≈ 0, t)|2, we can see
that maximal values of ρL,R(t) appear alternately and
form a periodic sequence of events LRLR . . . , see Fig. 3.
However, if the interactions are sufficiently strong, i.e.
UiiN/J . −6.5, the system chooses spontaneously mo-
tion with the period T = sxsy2pi/ω. That is, the mean-
field approach shows that the ground state energy is de-
generate and the corresponding wavefunctions are not
uniform superposition of Wi. The system prepared in a
lowest energy mean-field state breaks discrete time trans-
lation symmetry of the many-body Hamiltonian because
it evolves with the period different from the driving pe-
riod. For UiiN/J . −25 the symmetry broken degen-
erate ground states reduce to ψ(r, t) ≈ Wi(r, t) with ac-
curacy better than 99% — which Wi is chosen by the
system is determined in a spontaneous symmetry break-
ing process. In Fig. 2 we show an example of such a
ground state wavefunction ψ(r, t) where a single local-
ized wavepacket bouncing between the mirrors is visible.
The corresponding probabilities ρL,R(t) form a sequence
of events LRLLR, whose length is sx + sy = 5, which
is repeated with the period T , see Fig. 3. The sequence
is a fragment of the Fibonacci quasi-crystal. The time
quasi-crystal states predicted by the mean-field approach
lives forever. The predictions are valid in the limit when
N →∞ but g0N =const because then the corresponding
symmetry preserving eigenstates of the quantum many-
body model (23) are degenerate and their superpositions,
that form the symmetry-broken states, do not decay [18].
It becomes now clear how to realize conditions
where any finite fragment of the Fibonacci quasi-crystal
emerges due to spontaneous breaking of discrete time
translation symmetry of the Hamiltonian: (i) One has
to choose a rational number sy/sx which approximates
the golden ratio and reproduces a given fragment of the
Fibonacci quasi-crystal sequence when it is taken as the
gradient of the line in Fig. 1. (ii) Then, we know which
resonant subspace of the periodically driven many-body
system is able to realize such a quasi-crystal, i.e. the sub-
4FIG. 3: Scaled probabilities for the detection of atoms close to the left mirror ρL(t) (blue lines) and close to the right mirror
ρR(t) (red lines), where ρL(t) =
∫
dy|ψ(x ≈ 0, y, t)|2 and there is an analogous expression for ρR(t). Top panels are related to
symmetry preserving states while bottom panels to states where the discrete time translation symmetry of the Hamiltonian is
spontaneously broken. Left panels correspond to Ωx/Ωy = sy/sx = 3/2 while in the right panels such ratios are equal 13/8.
Symmetry preserving states form periodic sequences of the elementary cells L and R associated with the alternate appearance
of maxima of ρL(t) and ρR(t). In the symmetry broken case, bounces of atoms off the left and right mirrors form a sequence
of events that reproduces a finite fragment (of length sx + sy) of the Fibonacci quasi-crystal which is repeated in the time
evolution of the system with the period T = sxsy2pi/ω. The results shown in the left panels correspond to the same parameters
as in Fig. 2, while in the right panels: λx = 0.087, λy = 0.026, ω = 1.77, ∆φ = pi/2, sy = 13, sx = 8, g0N = 0 (top right
panel) and g0N = −0.029 (bottom right panel). The latter results in UiiN/J = −80 and J = 2.3× 10−6 in the Bose-Hubbard
Hamiltonian that describes an effective sx × sy lattice.
space corresponding to the frequencies of unperturbed
single-particle motion Ωx = ω/sx and Ωy = ω/sy. (iii) If
the many-body system is prepared in a low-lying eigen-
state within this subspace, then either atoms are bounc-
ing off the left and right mirrors in the alternate way
(if the interactions are negligible) or the bounces on the
mirrors form a sequence of events that reproduces a fi-
nite fragment of the Fibonacci quasi-crystal (if the in-
teractions are sufficiently strong). In the right panels of
Fig. 3 we illustrate these two situations for sx = 8 and
sy = 13. In the symmetry preserving case, the prob-
abilities for detection atoms close to the left and right
mirrors, ρL,R(t), show a periodic sequence of maxima
LRLR . . . . However, when the attractive interactions
are sufficiently strong, the discrete time translation sym-
metry is spontaneously broken and the Fibonacci quasi-
crystal LRLLRLRL . . . is formed [54]. We would like
to stress that the quasi-crystal structure formed by the
bouncing atoms is related to the sequence of bounces not
to the sequence of time intervals between the bounces —
the latter can be different, see Fig. 3. In the experiment,
the time intervals which are very small can be disrupted
due to imperfections of the motion of the mirrors which
can result in defects in the Fibonacci quasi-crystal.
Long time stability of our phenomenon resulting from
the coupling of the system to the subspace complemen-
tary to the resonant subspace requires further investiga-
tion but we expect that the considered quasi-crystal is a
prethermal state.
To conclude, quasi-crystal structures can emerge in the
time domain due to spontaneous breaking of discrete time
translation symmetry of the time-periodic many-body
Hamiltonian. They can be realized in ultra-cold atoms
bouncing between oscillating atom mirrors if atoms are
loaded to a resonant classical orbit. The latter can be
done if an atomic Bose-Einstein condensate is prepared
in a trap located at a classical turning point of a reso-
nant trajectory and afterwards the trapping potential is
turned off at a proper moment of time [44] — the mirrors
can be realized by two blue-detuned repulsive light sheets
formed by focusing laser beams with cylindrical lenses. It
results in a quantum state where all atoms occupy a sin-
gle localized Wannier-like wavepacket that evolves along
a resonant orbit. For sufficiently strong attractive inter-
actions between atoms, the localized atomic wavepacket
will perform evolution with a quasi-crystal structure in
time and will not decay. In contrast, for negligible inter-
actions, atoms will tunnel to other localized wavepack-
ets evolving along the orbit what indicates decay of the
quasi-crystal.
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5SUPPLEMENTAL MATERIAL
In this Supplemental Material we describe details of
the description of the many-body system of atoms bounc-
ing resonantly between two orthogonal oscillating atom
mirrors in the presence of the gravitational force. We be-
gin with a single-particle problem and then generalize the
approach to the many-body case. We also discuss shortly
experimental implementation and address the problem of
stability of the quasi-crystal structures in time.
Single-particle problem
We start with a short introduction to the Floquet for-
malism [76] and then switch to the description of a single-
particle system which we are interested in. We show how
to obtain an effective Floquet Hamiltonian that describes
resonant dynamics of the system.
Floquet states
Consider the following time-dependent Schro¨dinger
equation
i
∂
∂t
ψ(x, t) = H(t) ψ(x, t) (3)
with Hamiltonian having a discrete time translation sym-
metry H(t + T ) = H(t). According to the Floquet the-
orem, solution of the equation (3) may be written as a
linear combination of the functions of the form
ψk(x, t) = e
−iεktφk(x, t), (4)
where φk(x, t + T ) = φk(x, t) are time-periodic with the
same period T as the Hamiltonian [76]. Substituting the
solution (4) into the Schro¨dinger equation (3) we obtain
H φk(x, t) = εkφk(x, t), (5)
where H = H(t) − i ∂∂t is termed the Floquet Hamilto-
nian and φk(x, t) are so-called Floquet eigenstates. Since
the function φk(x, t)e
i 2pinT t, where n is integer, is also a
solution of the eigenequation (5) corresponding to the
eigenvalue εk + n
2pi
T , the quasi-energy spectrum is peri-
odic with the period 2piT and in the description of a sys-
tem it is actually sufficient to restrict to a fragment of
the spectrum, i.e. to a single Floquet zone of the width
of 2piT .
Single-particle Hamiltonian
Let us consider an atom bouncing between two orthog-
onal oscillating atom mirrors which form the angle pi/4
with the gravitational force vector. The Hamiltonian, in
the standard gravitational units [44] but with the gravi-
tational acceleration g → g/√2, reads
H =
p2x + p
2
y
2
+ x+ y + Fx
(
x+
λx
ω2
cos(ωt+ ∆φ)
)
+Fy
(
y +
λy
ω2
cos(ωt)
)
, (6)
where Fx(x) and Fy(y) describe the mirrors, i.e., the pro-
file of the reflecting potentials along x and y directions,
respectively. The mirrors oscillate harmonically with the
frequency ω around x = 0 and y = 0 with the ampli-
tudes λx/ω
2 and λy/ω
2. Description of the system is
more convenient if we switch from the laboratory frame
to the frame oscillating with the mirrors. In the classical
case it can be done by means of the canonical transfor-
mation,
x′ = x+
λx
ω2
cos(ωt+ ∆φ), y′ = y +
λy
ω2
cos(ωt),
p′x = px −
λx
ω
sin(ωt+ ∆φ), p′y = py −
λy
ω
sin(ωt),
(7)
while in the quantum case by the corresponding unitary
transformation, i.e. Uy = e
iy
λy
ω sinωteipy
λy
ω2
cosωt and a
similar one for the motion along x. The resulting Hamil-
tonian is the following
H =
p′2x + p
′2
y
2
+ x′ + y′ + λxx′ cos(ωt+ ∆φ)
+λyy
′ cos(ωt) + Fx(x′) + Fy(y′). (8)
We assume that the mirrors can be modeled by hard wall
potentials located at x′ = 0 and y′ = 0 and therefore we
may drop the Fx(x
′) and Fy(y′) in (8) keeping in mind
that motion of a particle takes place for x′ ≥ 0 and y′ ≥ 0.
In the following we also drop primes and the final single-
particle Hamiltonian reads
H =
p2x + p
2
y
2
+x+y+λxx cos(ωt+∆φ)+λyy cos(ωt). (9)
Description of resonant dynamics
Let us start with the classical mechanics. The single-
particle problem described by the Hamiltonian (9) con-
sists of independent motion along x and y directions.
We are interested in a resonance driving and in order to
describe resonant dynamics we perform canonical trans-
formation to the so-called action-angle variables of the
unperturbed problem (i.e. when λx = λy = 0) [79].
In these new canonically conjugate variables, the unper-
turbed Hamiltonian depends on the new momenta (the
actions Ix and Iy) only,
H0(Ix, Iy) =
p2x + p
2
y
2
+ x+ y
6=
(3pi)2/3
2
(
I2/3x + I
2/3
y
)
. (10)
If λx = λy = 0, the actions are constant of motion
(Ix, Iy =const) and the corresponding position variables
(the angles θx and θy) evolve linearly in time, i.e. θx,y =
Ωx,yt+ θx,y(0) where
Ωx(Ix) =
dH0(Ix, Iy)
dIx
, Ωy(Iy) =
dH0(Ix, Iy)
dIy
, (11)
are frequencies of an unperturbed periodic bouncing of a
particle on the static mirrors. The total Hamiltonian (9)
in the action-angle variables takes the form [74]
H = H0(Ix, Iy) + λx cos(ωt+ ∆φ)
∑
n
hn(Ix)e
inθx
+λy cos(ωt)
∑
n
hn(Iy)e
inθy , (12)
where h0(Ix,y) =
(
piIx,y√
3
)2/3
and hn(Ix,y) =
(−1)n+1
n2
(
3Ix,y
pi2
)2/3
if n 6= 0.
The resonant driving of a particle corresponds to the
conditions
sxΩx(Ix0) = ω, syΩy(Iy0) = ω, (13)
where sx and sy are integers and Ix0 and Iy0 are reso-
nant values of the actions. In order to obtain an effective
Hamiltonian that describes motion of a particle close to a
resonant orbit we apply the classical secular approxima-
tion [74, 79]. First, we extend the phase space of the sys-
tem by the time t variable and its canonically conjugate
momentum pt = −H which play a role of additional co-
ordinates. The Hamiltonian in the extended phase space
H = H+pt is the classical analogue of the quantum Flo-
quet Hamiltonian, where pt → −i ∂∂t . Next, we perform
a canonical transformation to the frame moving along a
resonant orbit,
Θx = θx − ω
sx
t, (14)
Θy = θy − ω
sy
t, (15)
Pt = pt +
ωIx
sx
+
ωIy
sy
, (16)
which results in
H = H0(Ix, Iy)− ωIx
sx
− ωIy
sy
+ Pt
+λx cos(ωt+ ∆φ)
∑
n
hn(Ix)e
inΘxeinωt/sx
+λy cos(ωt)
∑
n
hn(Iy)e
inΘyeinωt/sy , (17)
and carry out averaging over time keeping all dynamical
variables fixed. The latter is allowed because in the mov-
ing frame (16) both the actions and the angles and Pt are
slowly varying quantities if we are close to the resonant
orbit (i.e. Px = Ix − Ix0 ≈ 0 and Py = Iy − Iy0 ≈ 0) and
if the time-dependent perturbation is weak, i.e.
dΘx
dt
= Ωx(Ix)− ω
sx
+O(λx) ≈ 0, for Ix ≈ Ix0,
dΘy
dt
= Ωy(Iy)− ω
sy
+O(λy) ≈ 0, for Iy ≈ Iy0.
(18)
The resulting effective Hamiltonian reads [74, 79]
Heff = P
2
x
2meff,x
+ Vx cos(sxΘx + ∆φ)
+
P 2y
2meff,y
+ Vy cos(syΘy) + Pt, (19)
where Vx = λxh−sx(Ix0), m
−1
eff,x =
d2H0(Ix0,Iy0)
dI2x0
and simi-
lar expressions for Vy and meff,y.
The Hamiltonian (19) has been obtained within the
classical approach. In order to switch to the quantum
description one has to quantize (19), i.e. Px,y = −i ∂∂Θx,y
and Pt = −i ∂∂t . The other option is to apply the quan-
tum version of the secular approximation from the very
beginning [78] that leads to the same result if we choose
Ix0  1 and Iy0  1 [44]. The secular Hamiltonian (19)
is time-independent which implies that Pt =constant and
can be dropped. Actually in the quantum description,
due to the time-periodicity of the system, eigenvalues kω
of Pt are quantized (i.e. k is integer [74]) that makes the
quasi-energy spectrum to repeat itself with the period
ω as expected, see Sec. . In the following we consider
Floquet eigenstates corresponding to k = 0.
If we focus on a resonance where sx,y  1, the Hamil-
tonian (19) corresponds to a solid state problem of an
electron moving in a two-dimensional space crystal. We
will be considering the first energy band of the quan-
tized version of (19) and therefore the description of a
resonantly driven particle can still be simplified. Indeed,
superposing the Bloch wave eigenfunctions of (19) cor-
responding to the first energy band we can construct
Wannier functions Wi=(ix,iy)(Θx,Θy) = wix(Θx)wiy (Θy)
localized in different sites of the periodic potential in
(19). These Wannier functions in the laboratory frame
appear as localized wavepackets moving along a classi-
cal resonant orbit with the period T = sxsy2pi/ω, i.e.
Wi(x, y, t) = wix(x, t)wiy (y, t) where wix(x, t) is periodic
with the period sx2pi/ω and wiy (y, t) is periodic with
the period sy2pi/ω. In the basis of the Wannier func-
tions, i.e. when we restrict to wavefunctions of the form
ψ =
∑
i aiWi, the Hamiltonian (19) reads [18, 28]
Heff ≈ −1
2
∑
〈i,j〉
Jij a
∗
i aj, (20)
where the sum runs over nearest neighbour sites of the
potential in (19) and
Jij = −2〈Wi|Heff |Wj〉, (21)
7stand for amplitudes of tunneling of a particle between
neighbouring sites.
Equation (20) is a standard tight-binding model and it
indicates that a resonantly driven particle is equivalent
to a solid state problem if we use the basis of localized
wavepackets Wi(x, y, t) which are evolving periodically
along a resonant classical trajectory [28].
Many-body problem
Many-body Hamiltonian
In the present section we would like to switch from the
single-particle problem to many ultra-cold atoms which
are bosons and which are bouncing between two oscillat-
ing orthogonal mirrors. We focus on a resonant driving
and restrict to the Hilbert subspace which is spanned by
the localized Wannier wavepackets Wi(x, y, t) introduced
in the previous section. In other words we consider the
subspace spanned by the Fock states |n(1,1), . . . , n(sx,sy)〉,
where n(ix,iy) denotes number of bosons occupying a
Wannier wavepacket Wi=(ix,iy). Restricting to this sub-
space and expanding the bosonic field operator in the
Wannier basis,
ψˆ(x, y, t) ≈
∑
i
Wi(x, y, t) aˆi, (22)
where aˆi are the standard bosonic anihilation opera-
tors, and substituting (22) to the many-body Floquet
Hamiltonian we obtain a many-body version of the tight-
binding model (20),
Hˆ = 1
T
T∫
0
dt
∫
dxdy ψˆ†
[
H(t) +
g0
2
ψˆ†ψˆ − i∂t
]
ψˆ,
≈ −1
2
∑
〈i,j〉
Jij aˆ
†
i aˆj +
1
2
∑
i,j
Uij aˆ
†
i aˆ
†
j aˆjaˆi, (23)
where H(t) is given in (9), T = sxsy2pi/ω and g0 is the
parameter (proportional to the atomic s-wave scattering
length) that characterizes the potential of contact inter-
actions between atoms, g0δ(x)δ(y). The effective inter-
action coefficients in (23) read
Uij =
2g0
T
T∫
0
dt
∫
dxdy |Wi|2|Wj|2, (24)
for i 6= j and similar Uii but by factor two smaller
[28, 40]. The Hamiltonian (23) is the standard Bose-
Hubbard Hamiltonian written in the time-periodic basis.
Application of a time-dependent basis requires correc-
tions to the Hamiltonian coming from the time derivative
of the basis vectors [82]. Here, it is included automati-
cally when we perform the action of the Floquet operator,
H(t)− i∂t, on the Wannier functions.
Typically the on-site interaction coefficients Uii are at
least an order of magnitude larger than Uij for long-range
interactions (i 6= j). In the Letter we choose the parame-
ters of the system so that all nearest neighbour tunneling
amplitudes are the same,
J ≡ Jij. (25)
The Hamiltonian (23) is actually the Bose-Hubbard
model which is a many-body counterpart of the single-
particle tight-binding Hamiltonian (20). It is valid if
the interaction energy per particle is much smaller than
the gap Egap between the first and the second energy
bands of the single-particle problem (19) [28, 40]. For
example for the parameters used in Figs. 2-3 in the Let-
ter, the maximal on-site interaction energy per particle
|Uii|N/J ≈ 80, where N is the total number of atoms,
that is much smaller than the energy gap Egap/J ≈ 3000.
Mean-field approximation
If the interaction between atoms are negligible (i.e.
g0 → 0), the ground state of the Bose-Hubbard Hamilto-
nian (23) is a Bose-Einstein condensate where all atoms
occupy a condensate wavefunction which is a uniform su-
perposition of all Wannier functions
ψ(x, y, t) ∝
∑
i
Wi(x, y, t). (26)
That is, the many-body ground state reads
Ψ(x1, y1, . . . , xN , yN , t) =
N∏
j=1
ψ(xj , yj , t). (27)
On the other hand, if interactions between atoms are
attractive and sufficiently strong it is energetically fa-
vorable to group all atoms in a single localized Wan-
nier wavepacket because it decreases the energy [83?
, 84]. Then, we expect the ground state to be of the
form Ψ =
∏N
j=1Wi(xj , yj , t) where i = (ix, iy) is arbi-
trary. However, such a state cannot be a Floquet eigen-
state of the system because it evolves with the period
T = sxsy2pi/ω while the discrete time translation sym-
metry of the Hamiltonian requires that all Floquet eigen-
states must evolve with the period of the driving 2pi/ω.
In order to reconcile the energy and symmetry require-
ments, the ground state takes the form
Ψ(x1, y1, . . . , xN , yN , t) ∝
∑
i
 N∏
j=1
Wi(xj , yj , t)
 ,
(28)
which in the Fock states basis reads
|Ψ〉 = 1√
sxsy
(|N, 0, . . . , 0〉+ |0, N, 0, . . . , 0〉+ . . .
8+|0, . . . , 0, N〉) . (29)
Such a ground state is actually a Schro¨dinger cat-like
state, i.e. a superposition of macroscopic states, and it
is extremely fragile to any perturbation. For example it
is sufficient to measure position of a single atom and the
Schro¨dinger cat state collapses to one of the states which
form the superposition,
Ψ→
N∏
j=1
Wi(xj , yj , t), (30)
in the Fock states basis it corresponds to
|Ψ〉 → |0, . . . . , 0, N, 0, 0, . . . , 0〉. (31)
Which localized Wannier wavepacket Wi is chosen in (30)
depends on the result of the measurement of the posi-
tion of an atom. In other words this is an example of a
spontaneous process which is responsible for spontaneous
breaking of the discrete time translation symmetry of the
Hamiltonian.
Note that both the ground state (27) of the weakly
interacting system and a symmetry broken state (30)
are Bose-Einstein condensates which can be described
within the mean-field approximation. Thus, we may use
the mean-field approach to describe the phenomenon we
are after. In the mean-field description, the spontaneous
time translation symmetry breaking will be indicated
by appearance of a bifurcation where the symmetry-
preserving ground state solution (27) looses its stability
and new stable solutions are born which break the dis-
crete time translation symmetry of the Hamiltonian and
evolve with a period which is different from the driving
period.
It is straightforward to obtain the mean-field equa-
tions. Indeed, the mean-field quasi-energy functional
reads [18, 44]
E =
1
T
T∫
0
dt
∫
dxdy ψ∗
[
H +
g0N
2
|ψ|2 − i∂t
]
ψ,
≈ −1
2
∑
〈i,j〉
Jij a
∗
i aj +
N
2
∑
i,j
Uij |ai|2|aj|2, (32)
where we have restricted to the resonant subspace with
a condensate wavefunction ψ(x, y, t) =
∑
i aiWi(x, y, t).
The ground state of (32) can be found by solving the
corresponding Gross-Pitaevskii equation [86]. For negli-
gible interactions, the ground state is of the form (26)
while for sufficiently strong attractive interactions there
are sxsy degenerate mean-field ground state solutions
ψ(x, y, t) ≈ Wi(x, y, t) corresponding to different values
of i = (ix, iy).
The mean-field approach has been used in the Letter in
order to obtain quantitative prediction for a range of the
system parameters where time quasi-crystals form spon-
taneously. The time quasi-crystal states predicted by the
mean-field approach lives forever. The predictions are
valid in the limit when N →∞ but g0N =const because
then the corresponding symmetry preserving eigenstates
of the quantum many-body Bose-Hubbard model (23)
are degenerate and their superpositions that form the
symmetry-broken states do not decay [18].
Scenario for the experimental realization
An oscillating atom mirror can be realized when an
evanescent wave, created close to the surface of dielec-
tric material, is modulated in time or by means of an
oscillating blue-detuned repulsive light sheet formed by
focusing a laser beam with cylindrical lens. The latter
can be quite easily reconfigured into two orthogonal os-
cillating mirrors.
In order to demonstrate our finding in the laboratory
one has to prepare a Bose-Einstein condensate of ultra-
cold atoms in a trap at the position (x, y) ≈ (16, 37) for
the parameters used in Fig. 2 of the Letter, i.e. close to
the classical turning point. Then, at the moment of time
which is synchronized with the oscillations of the mir-
rors, the trapping potential has to be turned off and the
atomic cloud starts falling on the mirrors. If the orienta-
tion of the mirrors is adjusted so that the gravitational
force points along a fragment of the trajectory that con-
nects the points (x, y) ≈ (16, 37) and (x, y) ≈ (0, 15), cf.
Fig. 2 of the Letter, the atomic cloud falling on the mir-
rors is already moving along the proper resonant orbit.
It means that all atoms are prepared in a single Wannier-
like wavepacket Wi(r, t) of the lower band. If the interac-
tions between atoms are weak, one will observe tunneling
of atoms to other Wannier-like wavepackets. However, if
the interactions are sufficiently strong, atoms do not tun-
nel and the stable time quasi-crystal structure emerges in
the course of the time evolution. This strategy is similar
to the strategy proposed for the experiments on discrete
time crystals, see [44] for details.
Discussion of stability of periodically driven systems
with classical non-linear resonances
A periodically driven system can be heated by absorb-
ing unlimited amount of energy like in the case of a reso-
nantly driven harmonic oscillator. However, we deal with
a system which, in the single-particle case, possesses non-
linear classical resonances. The latter are well known
in the field of dynamical systems or in quantum chaos
[74, 79]. In such systems a period of unperturbed motion
of a particle depends on its energy and therefore a parti-
cle is not able to absorb continuously the energy: when
the energy of a particle increases, its period changes, the
9system goes out of the resonance and the transfer of the
energy stops. Such single particle resonantly driven sys-
tems are effectively described by secular Hamiltonians
which are time-independent in the frame moving along
the classical resonant orbit and which describe resonant
elliptical islands created in the phase space [74, 79], see
Eq (19). When these effective Hamiltonians are valid, a
particle cannot be heated. The validity of an effective
Hamiltonian can easily be monitored by looking at the
exact structure of the classical phase space: if chaotic
layers are absent, the effective Hamiltonian captures the
exact dynamics of a particle [44]. The robustness of the
resonantly driven systems against heating is related to
stable resonant elliptical islands in the classical phase
space.
In the many-body case, the interaction between par-
ticles introduces an additional perturbation. However,
we consider the interaction energy per particle which
is orders of magnitude smaller than the energy gap be-
tween the first and second resonant quasi-energy bands
— lack of the coupling of these bands is the most criti-
cal condition for the validity of the effective many-body
Hamiltonian Eq. (23). Such a situation is similar to the
standard tight-binding approximation commonly used in
solid state physics and in ultra-cold atoms. That is, a
single-band approximation is valid if the interaction en-
ergy per particle is much smaller than the energy gap be-
tween the bands. The effective description of many-body
resonant behavior of atoms bouncing on an oscillating
mirror was tested in a different context in Refs. [18, 44].
There, it has been shown that the mean-field description
of a Bose system within the full Gross-Pitaevskii equa-
tion is identical to the mean-field results obtained within
the effective Hamiltonian approach.
[1] C. Janot, Quasicrystals: A Primer (Oxford University
Press, 1994).
[2] D. Shechtman, I. Blech, D. Gratias, and J. W. Cahn,
Phys. Rev. Lett. 53, 1951 (1984), URL https://link.
aps.org/doi/10.1103/PhysRevLett.53.1951.
[3] D. Levine and P. J. Steinhardt, Phys. Rev. Lett.
53, 2477 (1984), URL https://link.aps.org/doi/10.
1103/PhysRevLett.53.2477.
[4] M. Kohmoto, B. Sutherland, and K. Iguchi, Phys. Rev.
Lett. 58, 2436 (1987), URL https://link.aps.org/
doi/10.1103/PhysRevLett.58.2436.
[5] W. Steurer and D. Sutter-Widmer, Journal of Physics D:
Applied Physics 40, R229 (2007), URL http://stacks.
iop.org/0022-3727/40/i=13/a=R01.
[6] E. Albuquerque and M. Cottam, Physics Re-
ports 376, 225 (2003), ISSN 0370-1573, URL
http://www.sciencedirect.com/science/article/
pii/S0370157302005598.
[7] Vardeny Z. Valy, Nahata Ajay, and Agrawal Amit, Na-
ture Photonics 7, 177 (2013).
[8] K. Viebahn, M. Sbroscia, E. Carter, J.-C. Yu, and
U. Schneider, ArXiv e-prints (2018), 1807.00823.
[9] K. Sacha and J. Zakrzewski, Rep. Prog. Phys. 81, 016401
(2018), URL https://doi.org/10.1088/1361-6633/
aa8b38.
[10] L. Guo, M. Marthaler, and G. Scho¨n, Phys. Rev. Lett.
111, 205303 (2013), URL https://link.aps.org/doi/
10.1103/PhysRevLett.111.205303.
[11] L. Guo and M. Marthaler, New Journal of Physics
18, 023006 (2016), URL http://stacks.iop.org/
1367-2630/18/i=2/a=023006.
[12] L. Guo, M. Liu, and M. Marthaler, Phys. Rev. A
93, 053616 (2016), URL https://link.aps.org/doi/
10.1103/PhysRevA.93.053616.
[13] L. Pengfei, M. Michael, and L. Guo, New Journal of
Physics 20, 023043 (2018), ISSN 1367-2630, URL http:
//stacks.iop.org/1367-2630/20/i=2/a=023043.
[14] F. Wilczek, Phys. Rev. Lett. 109, 160401 (2012), URL
http://link.aps.org/doi/10.1103/PhysRevLett.109.
160401.
[15] P. Bruno, Phys. Rev. Lett. 111, 070402 (2013), URL
http://link.aps.org/doi/10.1103/PhysRevLett.111.
070402.
[16] H. Watanabe and M. Oshikawa, Phys. Rev. Lett.
114, 251603 (2015), URL http://link.aps.org/doi/
10.1103/PhysRevLett.114.251603.
[17] A. Syrwid, J. Zakrzewski, and K. Sacha, Phys. Rev. Lett.
119, 250602 (2017), URL https://link.aps.org/doi/
10.1103/PhysRevLett.119.250602.
[18] K. Sacha, Phys. Rev. A 91, 033617 (2015), URL http:
//link.aps.org/doi/10.1103/PhysRevA.91.033617.
[19] V. Khemani, A. Lazarides, R. Moessner, and S. L.
Sondhi, Phys. Rev. Lett. 116, 250401 (2016), URL
http://link.aps.org/doi/10.1103/PhysRevLett.116.
250401.
[20] D. V. Else, B. Bauer, and C. Nayak, Phys. Rev. Lett.
117, 090402 (2016), URL http://link.aps.org/doi/
10.1103/PhysRevLett.117.090402.
[21] N. Y. Yao, A. C. Potter, I.-D. Potirniche, and A. Vish-
wanath, Phys. Rev. Lett. 118, 030401 (2017), URL
http://link.aps.org/doi/10.1103/PhysRevLett.118.
030401.
[22] J. Zhang, P. W. Hess, A. Kyprianidis, P. Becker, A. Lee,
J. Smith, G. Pagano, I.-D. Potirniche, A. C. Potter,
A. Vishwanath, et al., Nature 543, 217 (2017), ISSN
0028-0836, letter, URL http://dx.doi.org/10.1038/
nature21413.
[23] S. Choi, J. Choi, R. Landig, G. Kucsko, H. Zhou, J. Isoya,
F. Jelezko, S. Onoda, H. Sumiya, V. Khemani, et al.,
Nature 543, 221 (2017), ISSN 0028-0836, letter, URL
http://dx.doi.org/10.1038/nature21426.
[24] S. Pal, N. Nishad, T. S. Mahesh, and G. J. Sreejith, Phys.
Rev. Lett. 120, 180602 (2018), URL https://link.aps.
org/doi/10.1103/PhysRevLett.120.180602.
[25] J. Rovny, R. L. Blum, and S. E. Barrett, Phys. Rev. Lett.
120, 180603 (2018), URL https://link.aps.org/doi/
10.1103/PhysRevLett.120.180603.
[26] J. Rovny, R. L. Blum, and S. E. Barrett, Phys. Rev.
B 97, 184301 (2018), URL https://link.aps.org/doi/
10.1103/PhysRevB.97.184301.
[27] C. Nayak, Nature 543, 185 (2017), ISSN 0028-0836, news
& Views, URL http://dx.doi.org/10.1038/543185a.
[28] K. Sacha, Sci. Rep. 5, 10787 (2015), URL https://www.
nature.com/articles/srep10787.
[29] D. Delande, L. Morales-Molina, and K. Sacha, Phys. Rev.
10
Lett. 119, 230404 (2017), URL https://link.aps.org/
doi/10.1103/PhysRevLett.119.230404.
[30] A. Lazarides and R. Moessner, Phys. Rev. B 95,
195135 (2017), URL https://link.aps.org/doi/10.
1103/PhysRevB.95.195135.
[31] A. Russomanno, F. Iemini, M. Dalmonte, and R. Fazio,
Phys. Rev. B 95, 214307 (2017), URL https://link.
aps.org/doi/10.1103/PhysRevB.95.214307.
[32] T.-S. Zeng and D. N. Sheng, Phys. Rev. B 96,
094202 (2017), URL https://link.aps.org/doi/10.
1103/PhysRevB.96.094202.
[33] K. Nakatsugawa, T. Fujii, and S. Tanda, Phys. Rev.
B 96, 094308 (2017), URL https://link.aps.org/doi/
10.1103/PhysRevB.96.094308.
[34] W. W. Ho, S. Choi, M. D. Lukin, and D. A. Abanin,
Phys. Rev. Lett. 119, 010602 (2017), URL https://
link.aps.org/doi/10.1103/PhysRevLett.119.010602.
[35] B. Huang, Y.-H. Wu, and W. V. Liu, Phys. Rev. Lett.
120, 110603 (2018), URL https://link.aps.org/doi/
10.1103/PhysRevLett.120.110603.
[36] Z. Gong, R. Hamazaki, and M. Ueda, Phys. Rev. Lett.
120, 040404 (2018), URL https://link.aps.org/doi/
10.1103/PhysRevLett.120.040404.
[37] R. R. W. Wang, B. Xing, G. G. Carlo, and D. Poletti,
Phys. Rev. E 97, 020202 (2018), URL https://link.
aps.org/doi/10.1103/PhysRevE.97.020202.
[38] F. Iemini, A. Russomanno, J. Keeling, M. Schiro`,
M. Dalmonte, and R. Fazio, Phys. Rev. Lett. 121,
035301 (2018), URL https://link.aps.org/doi/10.
1103/PhysRevLett.121.035301.
[39] M. Mierzejewski, K. Giergiel, and K. Sacha, Phys. Rev.
B 96, 140201 (2017), URL https://link.aps.org/doi/
10.1103/PhysRevB.96.140201.
[40] K. Giergiel, A. Miroszewski, and K. Sacha, Phys. Rev.
Lett. 120, 140401 (2018), URL https://link.aps.org/
doi/10.1103/PhysRevLett.120.140401.
[41] R. W. Bomantara and J. Gong, Phys. Rev. Lett. 120,
230405 (2018), URL https://link.aps.org/doi/10.
1103/PhysRevLett.120.230405.
[42] A. Kosior and K. Sacha, Phys. Rev. A 97, 053621 (2018),
URL https://link.aps.org/doi/10.1103/PhysRevA.
97.053621.
[43] K. Mizuta, K. Takasan, M. Nakagawa, and N. Kawakami,
Phys. Rev. Lett. 121, 093001 (2018), URL https://
link.aps.org/doi/10.1103/PhysRevLett.121.093001.
[44] K. Giergiel, A. Kosior, P. Hannaford, and K. Sacha,
Phys. Rev. A 98, 013613 (2018), URL https://link.
aps.org/doi/10.1103/PhysRevA.98.013613.
[45] K. Tucker, B. Zhu, R. J. Lewis-Swan, J. Marino,
F. Jimenez, J. G. Restrepo, and A. M. Rey, ArXiv e-
prints (2018), 1805.03343.
[46] A. Kosior, A. Syrwid, and K. Sacha, Phys. Rev. A
98, 023612 (2018), URL https://link.aps.org/doi/
10.1103/PhysRevA.98.023612.
[47] W. C. Yu, J. Tangpanitanon, A. W. Glaetzle, D. Jaksch,
and D. G. Angelakis, ArXiv e-prints (2018), 1807.07738.
[48] A. Shapere and F. Wilczek, Phys. Rev. Lett. 109,
160402 (2012), URL http://link.aps.org/doi/10.
1103/PhysRevLett.109.160402.
[49] S. Ghosh, Physica A: Statistical Mechanics and
its Applications 407, 245 (2014), ISSN 0378-
4371, URL http://www.sciencedirect.com/science/
article/pii/S0378437114003161.
[50] N. Y. Yao, C. Nayak, L. Balents, and M. P. Zaletel, ArXiv
e-prints (2018), 1801.02628.
[51] P. Das, S. Pan, S. Ghosh, and P. Pal, Phys. Rev. D
98, 024004 (2018), URL https://link.aps.org/doi/
10.1103/PhysRevD.98.024004.
[52] P. Alvarez, F. Canfora, N. Dimakis, and A. Paliathana-
sis, Physics Letters B 773, 401 (2017), ISSN 0370-
2693, URL http://www.sciencedirect.com/science/
article/pii/S0370269317306950.
[53] L. Avile´s, F. Canfora, N. Dimakis, and D. Hidalgo, Phys.
Rev. D 96, 125005 (2017), URL https://link.aps.org/
doi/10.1103/PhysRevD.96.125005.
[54] F. Flicker, SciPost Phys. 5, 1 (2018), URL https://
scipost.org/10.21468/SciPostPhys.5.1.001.
[55] T. Li, Z.-X. Gong, Z.-Q. Yin, H. T. Quan, X. Yin,
P. Zhang, L.-M. Duan, and X. Zhang, Phys. Rev. Lett.
109, 163001 (2012), URL http://link.aps.org/doi/
10.1103/PhysRevLett.109.163001.
[56] Y. Huang, T. Li, and Z.-q. Yin, Phys. Rev. A 97,
012115 (2018), URL https://link.aps.org/doi/10.
1103/PhysRevA.97.012115.
[57] S. Autti, V. B. Eltsov, and G. E. Volovik, Phys. Rev.
Lett. 120, 215301 (2018), URL https://link.aps.org/
doi/10.1103/PhysRevLett.120.215301.
[58] P. T. Dumitrescu, R. Vasseur, and A. C. Potter, Phys.
Rev. Lett. 120, 070602 (2018), URL https://link.aps.
org/doi/10.1103/PhysRevLett.120.070602.
[59] Y. Peng and G. Refael, ArXiv e-prints (2018),
1805.01896.
[60] D. J. Luitz, A. Lazarides, and Y. Bar Lev, Phys. Rev.
B 97, 020303 (2018), URL https://link.aps.org/doi/
10.1103/PhysRevB.97.020303.
[61] M. C. Valsakumar and V. Kumar, Pramana 26, 215
(1986), ISSN 0973-7111, URL https://doi.org/10.
1007/BF02845262.
[62] Bombieri, E. and Taylor, J. E., J. Phys. Colloques 47,
C3 (1986), URL https://doi.org/10.1051/jphyscol:
1986303.
[63] Z. Lin, H. Kubo, and M. Goda, Zeitschrift fu¨r Physik
B Condensed Matter 98, 111 (1995), ISSN 1431-584X,
URL https://doi.org/10.1007/BF01318285.
[64] A. Steane, P. Szriftgiser, P. Desbiolles, and J. Dalibard,
Phys. Rev. Lett. 74, 4972 (1995), URL http://link.
aps.org/doi/10.1103/PhysRevLett.74.4972.
[65] T. M. Roach, H. Abele, M. G. Boshier, H. L. Gross-
man, K. P. Zetie, and E. A. Hinds, Phys. Rev. Lett. 75,
629 (1995), URL https://link.aps.org/doi/10.1103/
PhysRevLett.75.629.
[66] A. I. Sidorov, R. J. McLean, W. J. Rowlands, D. C. Lau,
J. E. Murphy, M. Walkiewicz, G. I. Opat, and P. Han-
naford, Quantum and Semiclassical Optics: Journal of
the European Optical Society Part B 8, 713 (1996), URL
http://stacks.iop.org/1355-5111/8/i=3/a=030.
[67] N. Westbrook, C. I. Westbrook, A. Landragin,
G. Labeyrie, L. Cognet, V. Savalli, G. Horvath, A. As-
pect, C. Hendel, K. Moelmer, et al., Phys. Scr. T 78, 7
(1998).
[68] D. C. Lau, A. I. Sidorov, G. I. Opat, R. J. McLean,
W. J. Rowlands, and P. Hannaford, Eur. Phys. J.
D 5, 193 (1999), URL https://doi.org/10.1007/
s100530050244.
[69] K. Bongs, S. Burger, G. Birkl, K. Sengstock, W. Ertmer,
K. Rza¸z˙ewski, A. Sanpera, and M. Lewenstein, Phys.
Rev. Lett. 83, 3577 (1999), URL https://link.aps.
org/doi/10.1103/PhysRevLett.83.3577.
11
[70] A. Sidorov, R. McLean, F. Scharnberg, D. Gough,
T. Davis, B. Sexton, G. Opat, and P. Hannaford, Acta
Phys. Pol. B 33, 2137 (2002).
[71] J. Fiutowski, D. Bartoszek-Bober, T. Dohnalik, and
T. Kawalec, Opt. Commun. 297, 59 (2013).
[72] T. Kawalec, D. Bartoszek-Bober, R. Panas´, J. Fiu-
towski, A. P lawecka, and H.-G. Rubahn, Opt. Lett. 39,
2932 (2014), URL http://ol.osa.org/abstract.cfm?
URI=ol-39-10-2932.
[73] See Supplemental Material for the detailed description
of the resonant motion of atoms bouncing on oscillat-
ing atom mirrors and for the description of the approach
used in the analysis of the spontaneous emergence of
quasi-crystals in time. Short discussion of experimental
aspects and stability of resonantly driven systems is also
included.
[74] A. Buchleitner, D. Delande, and J. Zakrzewski,
Physics reports 368, 409 (2002), URL http:
//www.sciencedirect.com/science/article/pii/
S0370157302002703.
[75] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev.
Mod. Phys. 82, 1225 (2010), URL https://link.aps.
org/doi/10.1103/RevModPhys.82.1225.
[76] J. H. Shirley, Phys. Rev. 138, B979 (1965), URL https:
//link.aps.org/doi/10.1103/PhysRev.138.B979.
[77] E. H. Lieb, R. Seiringer, and J. Yngvason, Phys. Rev.
A 61, 043602 (2000), URL https://link.aps.org/doi/
10.1103/PhysRevA.61.043602.
[78] G. Berman and G. Zaslavsky, Physics Let-
ters A 61, 295 (1977), ISSN 0375-9601, URL
http://www.sciencedirect.com/science/article/
pii/0375960177906181.
[79] A. Lichtenberg and M. Lieberman, Regular and chaotic
dynamics, Applied mathematical sciences (Springer-
Verlag, 1992), ISBN 9783540977452, URL https://
books.google.pl/books?id=2ssPAQAAMAAJ.
[80] K. Sacha and D. Delande, Phys. Rev. A 94,
023633 (2016), URL http://link.aps.org/doi/10.
1103/PhysRevA.94.023633.
[81] Dutta, O. and Gajda, M. and Hauke, P. and Lewen-
stein, M. and Lu¨hmann, D.-S. and Malomed, B. A. and
Sowin´ski, T. and Zakrzewski, J., Reports on Progress
in Physics 78, 066001 (2015), ISSN 0034-4885, URL
http://stacks.iop.org/0034-4885/78/i=6/a=066001.
[82] M.  Lacki and J. Zakrzewski, Phys. Rev. Lett. 110,
065301 (2013), URL https://link.aps.org/doi/10.
1103/PhysRevLett.110.065301.
[83] P. Zin´, J. Chweden´czuk, B. Oles´, K. Sacha, and
M. Trippenbach, EPL (Europhysics Letters) 83, 64007
(2008), URL http://stacks.iop.org/0295-5075/83/i=
6/a=64007.
[84] B. Oles´, P. Zin´, J. Chweden´czuk, K. Sacha, and M. Trip-
penbach, Laser Physics 20, 671 (2010), ISSN 1555-6611,
URL http://dx.doi.org/10.1134/S1054660X10050130.
[85] K. W. Mahmud, J. N. Kutz, and W. P. Reinhardt, Phys.
Rev. A 66, 063607 (2002), URL https://link.aps.org/
doi/10.1103/PhysRevA.66.063607.
[86] C. Pethick and H. Smith, Bose-Eistein condensation in
dilute gases (Cambridge University Press, Cambridge,
England, 2002).
[87] In order to switch from the laboratory frame (where one
mirror oscillates like −λx
ω2
cos(ωt+∆φ) along the x direc-
tion and the other like −λy
ω2
cosωt along the y direction)
to the coordinate frame where the mirrors do not move,
the unitary transformation Uy = e
iy
λy
ω
sinωte
ipy
λy
ω2
cosωt
,
and a similar one for the motion along x, has been ap-
plied. We use the gravitational units but assume that the
gravitational acceleration is given by g/
√
2.
